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Thermodynamics of the General Diffusion Process:
Time-Reversibility and Entropy Production
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We introduce an axiomatic thermodynamic theory for the general diffusion
process and prove a theorem concerning entropy and irreversibility: the equiva-
lence among time-reversibility, zero entropy production, symmetricity of the
stationary diffusion process, and a potential condition.
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1. INTRODUCTION

Diffusion processes are important models for many equilibrium and non-
equilibrium phenomena. They are widely considered as a phenomenologi-
cal approach to molecular systems with fluctuations. One of the well-known
examples is the theory of polymer dynamics in an ambient fluid.® Recently,
motivated by work on biological motor molecules which convert chemical
energy into mechanical work,"® ¥ it becomes evident that a thermodynamic
theory, both for equilibrium and more importantly for nonequilibrium steady-
state (NESS), can be developed for the general diffusion process.®?? For
more details of the applications of diffusion models and the motivation for
the present mathematical analysis, see ref. 26.

By thermodynamics, we mean the theory that connects key concepts
such as entropy, heat, their respective production and dissipation, and

!'School of Mathematical Sciences, Peking University, Beijing, 100871, People’s Republic of
China.

2 Department of Applied Mathematics, University of Washington, Seattle, Washington 98195-
2420; e-mail: gian@amath.washington.edu

3 Department of Mathematics, University of California, Berkeley, California 94720-3840;
e-mail: xtang@math.berkeley.edu

1129

0022-4715/02/0600-1129 /0 © 2002 Plenum Publishing Corporation



1130 Qian et al.

irreversibility with the stochastic dynamics. The essential difference between
a synthetic polymer and a biological motor-protein is that the former has
zero heat dissipation and entropy production while for the latter they are
positive.® It should be noted and as we shall show that while the number
of degrees of freedom in a stochastic model is not necessarily large, the
random collisions with the solvent molecules, modeled by a Wiener
process, provide a sufficient large interacting molecular system in which
thermodynamics is valid.

Heat dissipation and entropy production also play important roles in
the mathematical formulations for the NESS theory motivated by a com-
puter simulation of driven fluids.® Numerical observations have led to a
surge of mathematical analyses for NESS as either a dynamical system®* !4
or a stochastic process.''>" A unifying mathematical feature of the
entropy production has been established for the axiom-A system, the
diffusion process, and interacting particle systems. !>

We consider the stochastic models in the form of the stochastic
differential equation

% =b(x)+T&(t), xeR” (1)

where I’ is a nonsingular matrix and &(¢) is the ‘““derivative” of an
n-dimensional Wiener process. Following the standard polymer theory,®
x can be thought of as the coordinates of N “atoms” in a single macromole-
cule who stochastic dynamics in an ambient fluid is assumed to be over-
damped.®® Hence n=3N. The corresponding Fokker—Planck equation is

%: ZL*ut,x) 2 V- G A(x) Vu—b(x) u> (A=TITT) Q)

u(0, x) = f(x) A3)

where #* denotes the adjoint of operator Z.

In mathematics, ref. 31 gave the first rigorous result on irreversibility
and entropy production for the case of discrete-state Markov chains. A
comprehensive treatment of this case is ref. 10. For the general diffusion
process with bounded coefficients 4(x) and b(x), related results were
announced in refs. 32 and 33 using Girsanov formula. This approach,
however, is not valid for the most applications with unbounded A4(x) and
b(x) on R”. For linear b(x) in Eq. (1), the mathematical task is significantly
simplified and the diffusion process is also Gaussian.®® A related study of
interacting particle systems can be found in ref. 16.
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This paper focuses on the nonlinear stochastic differential equation (1).
We assume:

(1) A(x)={a;(x)}, b(x)={b;(x)} are smooth;
(2) V-b(x) <y, where 4, is a constant;

(3) uniformly elliptic condition 37 ;_, a;;(x) &&= r 37, E2 VEe R,
where r is a positive constant.

The paper is organized as follows. Section 2 provides heuristically the
essential elements of the thermodynamic theory of diffusion®?? including
the definitions for entropy production rate and time-reversibility. It als
states our main theorem on the thermodynamics of diffusion process. In
order to provide a mathematically rigorous proof for the theorem, specifi-
cally to obtain the self-adjoint property in Eq. (13), Section 3 gives a
summary for the relevant mathematical results and notations on the
general diffusion process without proof. %) With unbounded a;;(x) and
b(x) on R”", the standard method of integration by parts is not applicable.
Finally in Section 4, the equivalence among time-reversibility, zero entropy
production rate, symmetricity, and potential condition is established for the
general minimal diffusion process. The paper concludes with Section 5.
A mathematically more complete version of the present paper can be found
in ref. 27.

2. THE THERMODYNAMIC FORMALISM OF THE DIFFUSION
PROCESS

The most important concepts in thermodynamics are mechanical
work, heat, and entropy. The thermodynamic theory of the diffusion
process provides mathematical definitions for these three quantities. The
entropy has the well-known definition e[P]=§Rn P(¢, x) log P(¢, x) dx
which is a functional of the probability density P(¢, x), the solution to
Eq. (2). For more discussion on the Gibbs entropy and its physical
interpretation, see ref. 23. The concept of mechanical work, energy and its
dissipation are stochastic according to our model. They are related by
energy conservation. Hence there is a functional of the diffusion trajectory
x(2): W(¢) =ij F(x) o dx(s) where F(x)=2A47"(x) b(x) and o denotes the
Stratonovich integral."® The mean heat dissipation rate (hdr), thus, is the
expectation lim,_, E[W(t)/t]szn F(x) # dx, which is the product of
force F(x) and probability flux

F =—1A(x) VP(t, x)+b(x) P(t, x)
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The force F(x) in turn is the product of frictional coefficient (247") and

velocity b(x).
The rate of the increase of entropy is then
é[P]l=epr—hdr 4
where

epr=jn2ng—%x)j)P—xgx)dx

It is meaningful from thermodynamics point of view to identify the first
term in Eq. (4) with the entropy production rate. In a time independent
NESS, ¢ =0, and the entropy production is balanced by the heat dissipa-
tion. Eq. (4) is the well-known equation for entropy balance. It is the
central hypothesis of nonequilibrium thermodynamics.® The diffusion
theory, therefore, provides the nonequilibrium thermodynamics with a
mesoscopic equation of motion (Eq. (1)).

If the force F(x)= —VU(x) is conservative, W (¢) is bounded almost
surely. In this case one can further introduce Helmholtz free energy A[ P] =
u[P]—e[P] in which u[P] = jn" U(x) P(x) dx is the internal energy and
1= —hdr, as expected due to energy conservation. Then 4 = —epr < 0 with
the equality hold true for an equilibrium process. This is the second law of
thermodynamics applied to isothermal processes with canonical ensembles.
For nonconservative force F(x) without a potential, W (¢) increases without
bound, and the free energy can not be defined. In this case, one writes the
force in terms of Helmholtz-Hodge decomposition: F(x)= —V¢+y(x)
where the y is related to the circulation of the irreversible process.®" %3
There is a geometric representation for the energy conservation as well. It
can be shown that solving the stationary solution to Eq. (2) is equivalent to
requiring”

V-y=Vg-y=0 )

Then F(x) o dx= —d¢+y o dx where the term on the left is work, and the
terms on the right are mechanical energy and dissipated heat, respectively.
Finally, Eq. (5) is also a generalization of the Tellegen theorem, i.e., if
V-y=0, then V¢-y=0.1%39
Lebowitz and Spohn®? also studied the generating function of W(¢) in

term of the theory of large deviations: the limit

lim —log E[e™"®]

t— 00
is convex and possesses a certain symmetry with respect to A. It is zero for
equilibrium W (¢), and the symmetry generalizes positivity of hdr (=epr) in
NESS.
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The fundamental theorem of our thermodynamic theory is the math-
ematical equivalence between the time-reversibility and vanishing entropy
production for the diffusion process (Theorem 1). We have the definitions
for entropy production rate and time-reversibility:

Definition 1. The entropy production rate, epr, of a stationary
diffusion process defined by Eq. (1) is

%f (Vlog P(t, x)—2A47'b(¢, x))T A(V log P(t, x) —2A7'b(x)) P(¢, x) dx

In the stationary case, P(z, x) = w(x).

Definition 2. A stationary stochastic process {x(¢);¢e€ R} is time-
reversible if Vme N and every ¢,¢t,,...,t, € R, the joint probability
distribution

P(x(tl)a x(t2)7"'= x(tm)) = P(x(_tl)’ x(_t2)7"'= x(_tm))

We now state the main theorem:

Theorem 1. For the stationary diffusion process defined by Eq. (1),
the following four statements are equivalent:
(i) The process is time-reversible;

(ii) Its corresponding elliptic operator #* is symmetric on Cg(R")
with respect to a positive function w™'(x), w(x) € L'(R"), ie., [g w(x)
dx < o0;

(iii) The process has zero entropy production rate (epr);
(iv) The force F(x)=2A4""(x) b(x) has a potential function.

3. SOME RELEVANT MATHEMATICAL RESULTS
We denote

C(R") = {bounded continuous function f(x)}
Co(RM ={feC(R"| Illim f(x) = 0 uniformly}
If )l = sup |f(x)]

xeR"

[I-]| 1s the norm on C(R") and C,(R")
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The conjugate of the Fokker-Planck equation (2) is the Kolmogorov
backward equation:

=$u(t,x)—% zn: a(x) Ou +Z b(x) (t>0,xeR")
©

u(t, x)
ot

For the solutions to Egs. (2) and (6), we have the following theorems:

Theorem 2. If the coefficients of Eq. (6) satisfy assumptions (1)
and (3), then there exists a Banach space C(R"), C,(R") = C(R") = C(R"),
and the positive semigroup 7°(¢) generated by the solution to the Cauchy
problem (2) and (3) with initial data f(x) exists in C(R").

The minimal solution to the Kolmogorov backward equation then is
T(¢) f. Solution uniqueness actually does not hold true for general a;(x)
and b;(x). The next theorem is about the Kolmogorov forward equation
and the relation between the solutions to the two equations.

Theorem 3. If the coefficients of Eq. (2) satisfy the assumptions (1),
(2) and (3), then there exists a Banach space C(R"), Cy(R") = C(R") = C(R"),
and Vg e C(R"), the solution of the Cauchy problem (2) and (3) with
initial data g(x) exists in C(R"), which is denoted by 7(¢) g. Furthermore,

v/, g€ Co(R")
[ @@ £)gax=] 1(T) 9 dx ()

The proof for Theorems 2 and 3 is based on and expands the classic
work.®!” The essential steps are

(i) VneN (the positive integers) on the bounded sphere B, £
{x € R"| |x| < n}, one solves the elliptic equation.

(i) By taking monotone limit of the above, VA >0 and Vf € C(R"),
define R,(1) f =u, on B, with 0 elsewhere. u, is the solution to (A— %) u
= fg, with boundary condition u|,; =0. g,(x): R"— R, is a sequence of
smooth functions € Cy(R") with g,(x)=0 for x ¢ B,. Then as the limit of
R, (1) with n — oo, the resolvent operator R(4): C(R") —» C(R"), satisfying
VfeC(R"), (A—%Z) R() f=fin R"and [R(A)| <7;

(iii) Using R(A), define a Banach space C(R”), satisfying C,(R") =
C(R") = C(R");

(iv) The resolvent operators of % in C(R") satisfy the conditions of
Hille-Yosida theorem.®” Hence we obtain the semigroup generated by &
which is the solution to the Cauchy problem (3) and (6).
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(V) Z*uin Eq. (2) contains a term —V - (b(x) u(x)), so the assump-
tion (2) in Section 1 is required to apply the above steps to prove Theorem 3,
which leads to its respective C(R").

For the T'(¢f) and T(¢) obtained above we have the following theorems:

Theorem 4. V:>0, xe R”, there is a regular measure p(t, x, dy),
called transition function, which satisfies:

(D) T() f(x) =] p(t x,dy) f(y), VS € C(R";
(2) Setting I" € 4, a Borel field generated by R”, p(¢, x, I') is a Borel
measurable function;

(3) The transition functions satisfy the Kolmogorov—Chapman
equation

pit+s,x,I')= I p(t,x,dz) p(s,z, I') a.e.

(4) For T(1), there also exists a family of measure j(z, x, dy), satisfy-
ing the same property as p(¢, x, dy); and

P, x, dy) dx = p(z, y, dx) dy ®)

The following two theorems state the existence of a positive invariant
probability density.

Theorem 5. If 7 (§ T(¢) f(x) dt does not converge to 0 for every
feCy(R"), xeR", then there exists a positive linear functional 4 on

C(R™), which is invariant under T'(¢): A(T(¢) f)=A4(f). And corresponding
to 4, there is a regular measure #(dx), satisfying

[T f o0 <[ fx) 0dx)  feCRYf >0
Furthermore 6(dx) has a density 8(x) > 0.

Theorem 6. Under the conditions of Theorem 5, §(x) is invariant
under T'(¢):

| p(t. x, dy) 0(dx) = 6(dy)

Since 7T'(¢) has a family of transition functions p(¢, x,dy) and an
invariant measure (dy), one can construct a stationary Markov process by
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Kolmogorov theorem, whose transition probability functionsare { 5(¢, x, dy)}
and the initial distribution is 6(dx). Furthermore, Theorems 5 and 6
together actually shows a weak form of the Foguel alternative given in
ref. 13 where diffusions with bounded coefficients A(x) and b(x) are
considered.

4. TIME-REVERSIBILTY AND ENTROPY PRODUCTION
We now establish the equivalence in Theorem 1.
Proof.

(i) = (ii). This result is known to physicists. The proof for a discrete
state Markov process is due to Kolmogorov. According to the definition
of reversibility, with the transition function p(¢, x, dy) and the positive
stationary measure 6(x), we have VA, Be %

[ ] Bt.x.dn) 6 dx=] [ 5ty dx) 6(x) dy

By the standard method in probability, this leads to
[ ] () Bt x dp) p(3) 0 dx = [ Y(3) B, y. dx) §(x) 6(x) dy
®

where ¢(x), Yy(x) € Cy(R"). Differentiating both sides of (9) with respect to
t at t =0, we have

[ 4G L0 YD1 dx = w(y) 2*16(») $(»)1dy

Let f(x) =0(x) ¢(x) and g(x) = 0(x) Y(x), then f and g are two arbitrary
functions in C§(R"). Since 6(x) > 0,

fR” 07'(x) f(x) L*[g(x)]dx = fRn 07'(») g(») L [ f(»1dy

Therefore, the operator #* is symmetric with respect to the reciprocal of
its stationary distribution (x): w(x) = 6(x).

(ii) = (iii). The differential operator #* can also be rewritten as

L =3V-(AVf) = (Vf)-b(x) = [V b(x)
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The statement (ii) is

[ e’e(x) 2°Lf ()1 dx = [ e"f(x) L Tg(x)] dx

in which the positive w(x) =e~Y, f and g € C7(R") are arbitrary functions.
This leads to

[ "8G V-(AVf) = (V) - b(x))dx = [ e" fE V-(4Vg) — (Vg) - b(x)) dx

Through integration by part, the first term on the left-hand-side (and
similarly for the right-hand-side)

j eUgV-(AVf) dx = — j eY(Vg) A(Vf) dx— j eUg(VU) A(VFf) dx

and we have

[ %8G (VU) ACVF)+ (V) -b(x) dx = [ € £ (VU) A(VS)+(Vg)-b(x)) dx
By a simple rearrangement, we have
f eV(gVf — fVg)- (b AVU +b(x)) dx =0
Since f and g are arbitrary, we have 3 AVU+b(x)=0 in which U =
—log w. Therefore
Vilog w(s)—2A47'b(x) =0

which means epr=0.

(iii) = (iv). The statement epr=0 leads to
TAVO(x)—b(x) H(x) =0 (10)
in which 6(x) is positive. Hence we have 247'(x) b(x)=V In §(x). That is
F(x) has a potential function.

(iv) = (1). The equivalence between the potential condition, the
symmetricity of the differential operator, and the time-reversibility are
widely known to physicists. The usual proof involves integration by
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parts. However, for the unbounded a;;(x) and 5(x) on R”, boundary term
vanishing becomes a delicate issue. Thus we use the results and notations
given in Section 3 to circumvent the difficulty.

From the potential condition, i.e., Eq. (10) we know

L=V (L AVO—b(x)0) =0 (11)

With Eqgs. (10) and (11), the operators R,(4), R(4) in Theorem 2 and their
corresponding R,(4), R(~/1) have properties as follows.
First, OR,(A)(¥) = R,(1)(8Y), where ¢ € C3(R"). This is because

ZLH(OR, (D))
=30V-AV(R, (1)) +0b(x)-V(R,(A)(¥))
+3 R, (D) V- AVO— R, (1)) b(x)- VO~ R, (DY) OV - b(x)
+V(R, (D)) - AV —-20V(R, (W) - b(x)
=0Z(R, ()W) + R, (D) L*(6)+ (V- R,(¥))(4VE—26b(x))

and Eq. (11) which leads to Z*(0R,(A) ¥)=02R,(A)(). Thus 6R,(1)
satisfies

{(/1— LR, (1) Y) =0(h— L) R,(H(Y)=0yg, in B,
OR,(A)(W)los, =0

According to the uniqueness of the solution in B,,

OR, ()W) = R,(2)(6) (12)
Second, from (12), Vo, y € C3(R")

[ g, R,(2)(09) dx = Lﬂ V2,0R, (1) () dx
=], G=2") R()W6) R,(2)(0) dx
= JB,, R,(A)(0)(A— ZL)(R,(A)(9)) dx
=], RO pg, dx

= [, R()WH) pg, dx
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Let n — oo, since ¥, ¢ have compact support,

[ wR()O) dx = [ 9R()(OY) dx

According to the theory of Laplace transformation, from the fact that
YT (t)(6p), and @T(¢)(60Y) are continuous with ¢, we have

[ VT (0)(0p) dx = [ 9T (1)(0W) dx (13)

This leads to

[[ w60 5e, x, 49) 603 9(3) dx = [[ 9(3) (1, y, dx) 800) Y(x) dy

The standard method of measure theory leads to

[ ], . xdy) 0y dx= [ p(t.x. dy) 6(y) dx

which means reversibility. ||

5. CONCLUSIONS

We have provided the general diffusion process defined by nonlinear
stochastic differential equations (1) with an axiomatic thermodynamic
structure in a rigorous mathematical setup. We have introduced funda-
mental physical concepts of work, heat, entropy, entropy production, and
time-reversibility. We demonstrate the fundamental principle of irreversi-
bility by proving the equivalence between time-reversibility, vanishing
entropy production, symmetricity of the stationary Markov process, and a
potential condition. In a recent work on certain non-Markovian Gaussian
processes,® it has been suggested that the equivalence between time-
reversibility and equilibrium requires some additional conditions. A rigorous
mathematical treatment of this problem remains to be developed.

ACKNOWLEDGMENTS

We thank Professor Zhen-Qing Chen for many helpful discussions.



1140 Qian et al.

REFERENCES

1.

10.
11.

12.

13.

14.
15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

J. Bertini, A. De Sole, D. Gabrielli, G. Jona-Lasinio, and C. Landim, Fluctuations in
stationary nonequilibrium states of irreversible processes, Phys. Rev. Lett. 87:040610
(2001).

. M. Doi and S. F. Edwards, The Theory of Polymer Dynamics (Clarendon, Oxford, 1986).

D J. Evans, E. G. D. Cohen, and G. P. Morriss, Probability of second law violations in
shearing steady-states, Phys. Rev. Lett. 71:2401-2404 (1993).

. W. Feller, The general diffusion operator and positive preserving semi-group in one

dimension, Ann. of Math. 60:417-436 (1954).

. M. E. Fisher and A. B. Kolomeisky, The force exerted by a molecular motor, Proc. Natl.

Acad. Sci. USA 96:6597-6602 (1999).

. M. Fukushima, Dirichlet Forms and Markov Processes (Amsterdam, North-Holland,

1980).

. R. Graham and H. Haken, Z. Phys. 243:289 (1971).
. M.-Z. Guo, M. Qian, and Z. D. Wang, The entropy production and circulation of

diffusion processes on manifold, Chinese Sci. Bull. 42:982-985 (1998).

. D.-Q. Jiang, M. Qian, and M.-P. Qian, Entropy production and information gain in

axiom-A systems, Comm. Math. Phys. 214, 389-409 (2000)

S. Kalpazidou, Cycle Representation of Markov Process (New York, Springer-Verlag, 1994).
J. Kurchin, Fluctuation theorem for stochastic dynamics, J. Phys. A: Math. Gen. 31:
3719-3729 (1998).

J. L. Lebowitz and H. Spohn, A Gallavotti-Cohen-type symmetry in the large deviation
functional for stochastic dynamics, J. Stat. Phys. 95:333-365 (1999).

A. Lasota and M. C. Mackey, Chaos, Fractals, and Noise: Stochastic Aspects of Dynamics
(New York, Springer-Verlag, 1994).

C. Maes, The fluctuation theorem as a Gibbs property, J. Stat. Phys. 95:367-392 (1999).
C. Maes, P. Redig, and A. van Moffaert, On the definition of entropy production via
examples, J. Math. Phys. 41:1528-1554 (2000).

C. Maes et al., No current without heat, J. Stat. Phys. to appear.

E. Nelson, An existence theorem for second order parabolic equations, Trans. Amer.
Math. Soc. 88:414-429 (1958)

G. Nicolis and 1. Prigogine, Self-Organization in Nonequilibrium Systems (New York,
Wiley, 1977)

H. Qian, Vector field formalism and analysis for a class of Brownian ratchets, Phys. Rev.
Lett. 81, 3063-3066 (1998).

H. Qian, Single-particle tracking: Brownian dynamics of viscoelastic materials, Biophys. J.
79:137-143 (2000).

H. Qian, The mathematical theory of molecular motor movement and chemomechanical
energy transduction, J. Math. Chem. 27, 219-234 (2000).

H. Qian, Mathematical formalism for isothermal linear irreversibility, Proc. Roy. Soc.
London Ser. A 457:1645-1655 (2001)

H. Qian, Relative entropy: Free energy associated with equilibrium fluctuations and
nonequilibrium deviations, Phys. Rev. E 63:042103 (2001).

H. Qian, Nonequilibrium steady-state circulation and heat dissipation functional, Phys.
Rev. E 64:022101 (2001).

H. Qian, Mesoscopic nonequilibrium thermodynamics of single macromolecules and
dynamic entropy-energy compensation, Phys. Rev. E 65:016102 (2002).

H. Qian, Equations for stochastic macromolecular mechanics of single proteins: Equilib-
rium fluctuations, transient kinetics and nonequilibrium steady-state, J. Phys. Chem.
106:2065-2073 (2002).



Thermodynamics of the General Diffusion Process 1141

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

H. Qian, M. Qian, and X. Tang, Statistical thermodynamics of general minimal diffusion
processes: Constuction, invariant density, reversibility and entropy production. LANL
e-print math-ph/0201001 (2002). n

M. Qian, Extension of an elliptic differential operator and ¢ semigroups (Chinese), Acta
Math. Sin. 22:471-486 (1979).

M. Qian, The invariant measure and ergodic property of a Markov semigroup (Chinese),
Beijing Daxue Xuebao 2:46-59 (1979).

M. Qian and Z.-D. Wang, The reversibility, entropy production and rotation numbers of
diffusion processes on compact Riemannian manifolds, Comm. Math. Phys. 206:429-445
(1999).

M.-P. Qian and M. Qian, Circulation for recurrent Markov chain, Z. Wahrsch. Verw.
Gebiete. 59:203-210 (1982).

M.-P. Qian and M. Qian, The entropy production and irreversibility of Markov processes,
Chin. Sci. Bull. 30:445-447 (1985).

M.-P. Qian, M. Qian, and G.-L. Gong, The reversibility and the entropy production of
Markov processes, Contemp. Math. 118: 255-261 (1991).

D. Ruelle, Positivity of entropy production in the presence of a random thermostat,
J. Stat. Phys. 86:935-951 (1997).

S. Smale, On the mathematical foundations of electrical circuit theory, J. Diff. Geom.
7:193-210.

D.W. Stroock and S. R. S. Varadhan, Multidimensional Diffusion Processes (Springer-
Verlag, 1979).

K. Yosida, Functional Analysis, 5th Ed. (Berlin, Springer-Verlag, 1978).



	1. INTRODUCTION
	2. THE THERMODYNAMIC FORMALISM OF THE DIFFUSION PROCESS
	3. SOME RELEVANT MATHEMATICAL RESULTS
	4. TIME-REVERSIBILTY AND ENTROPY PRODUCTION
	5. CONCLUSIONS
	ACKNOWLEDGMENTS

